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HE Intro [

Homo BAES: (

with U(1)

dZ(x =
Fredholm integral eq.: P(*)+p"() = di ) = () - [Wczz(k — Wp (),

inhomo terms

/

e*ia(rj)Qj —n) —e ™ Td( ) QA + ) —[C(Aj)a(lj)d(kj)]z 0,
j=1,..., N.

without U(1)
ODBA method

Inhomo BAEs:




HE Intro [

Non-uniqueness

Aw)Qu) =aw)e" Qu —n) —e " Tdu)Qu +n) — c(u)a(u)d(u),

ODBA-1 | < B ¥ ekt X))
QL) = 1;[ sinhn
Ay = et Q1(u —n) =g () Q2(u + n) s a(u)d(u) |
O2(u) Q1(u) Q1(u)Q2(u)
ODBA-2 <

Q1(u) = H sinh(u — pj), Qa2(u) = l_[ sinh(u — v;),

. J=1

Roots patterns are complicated
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N

XXZ model Hamilton: H=-) [o7o}, +0)0], +coshnoioi ],
j=1

Boundary condition oy, =ojofof, for a=x,y,z. =42

R-matrix:

| sinh(u + n) ] - sinhu | 5%
sinh 7 sl %) sinh 7 = J;Jé:) . i(afag tejeh

|
Ro,j(u) = 5

Yang-Baxter equation

Ri2(uy —uz)Ry3(uy —u3)Ro3(up2 —u3) = Ry3(ur —u3)Ry3(uy —u3)Ry2(uy —uz).
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Transfer matrix t(u) =tro{og Ron(u —6n) ... Ro.1(u — 61)},

Using the YBE, we can prove
[t (u), t(v)] =0.

Expanding t(u) in terms of u

F(H) _ I(l)é’(N_l')” 4+ zL(2)€(]\/—3_').!.f s 506k I(N)e_(N_l)”,

We readily have that the coefficients are mutually commuting.

Hamiltonian can be expressed by: integrability
_ dInt(u)
H = —2sinhy— —0.6;=0 + N coshn.

Hamiltonian - - Transfer matrix
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Acting transfer matrix on an eigenstate:

t(u)|W) = A(u)|V).

We express the eigenvalue in terms of its N — 1 zero points and an

overall coefficient constant
N—1

Aw)= Ao | | sinh(u—z;),
j=I

Let us introduce a 3N - 3 degree trigonometric polynomial

F3(u) = A(u) A(u —n) Au —2n).

10
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which enjoys the properties

F3(u+n)=(=1)""" F3u),

F3(u) = F?,(l)e(:w—:%)u 4 F§2)€(3N—5)u L sill F:3(3N_2)€—(3N—3)H’
F3(0;) =—a0;)d@; —n) A@; —2n), j=1,---,N,
F30;+n) =—a(0;)d@j —n) A@;j+n), j=1,---,N,
F0;+2n)=D"a@®)d®; —n)A@; +1n), j=1,---,N.

The above relations can uniquely determine the 3N-3 trigonometric
polynomial F3(u), and the result is that the eigenvalue A(u) should
satisfy
A)A(u —n)Au —2n) =—aw)du —n)Aw —2n) —a(u —n)dw —2n)A(u)
- ( I)Na(u +n)d(wu)A(u —n).

11
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The zero points of the eigenvalue A(u) must satisfy

N - N-=1 .,
NI [ oz — 0 _ s —mER . g N
a(z;) sinh(z; — 6; — 2n) oy sinh(z; — zx — n) ’ ’

(=1

=1

sinh(u# — 6; + n)

N
where: a(m:E Ghy @ =a—n).
The energy spectrum
N—1

E =2smnhn Z cothz; + N coshn.
j=1

12



n=T1i/3

Numerical solutions

A

()
—0.6700
(0.6700
—0.0804
0.0804
0.1528
—0.3047
—(.2687
(.2687
0.1301
—0.1301
0.6203
—0.6203
0

0.1817
0.0541
—0.0541
—0.5749
0.5749
0.0067
—0.0067
—(.5380
().5380
0.4900
—0.4900
0.4146

0

(.1845
—().1845
—0.0279 — 1.0558;
0.4288
—1.5708i

A2

0.6969

0.0310

—0.0310
—0.4734

0.4734

—(.1528

0.3047

0.4515

—0.4515
—0.2030

0.2030

0.1974

—0.1974
—0.4175
—0.1817
—0.2606

0.2606

—0.1613

0.1613

0.4202

—0.4202
—0.1223

0.1223

—0.2257

0.2257

—0.4146

0.3767 — 1.0590:
—0.1721 + 1.0544
0.1721 — 1.0544
—0.0279 + 1.0558i
0.0279 + 1.0558i
0.1962 + 1.1268i

A3

—(0.6969

0.3300

—0.3300

0.2076

—0.2076

—().5836

0

0.0516

—0.0516

0.5604

—0.5604

—0.0862

0.0862

0.4175

1.5708i

0.4254 + 1.0539
—0.4254 + 1.0539i
0.5231

—0.5231

0.2161 — 1.5708i
—0.2161 — 1.5708i
0.2012 + 1.0510:
—0.2012 + 1.0510i
0.0925 — 1.0486i
—0.0925 — 1.0486i
1.5708i

0.3767 + 1.0590;
—0.1721 — 1.0544i
0.1721 + 1.0544i
0.3317 + 1.0832i
0.0279 — 1.0558i
0.1962 — 1.1268i

A4

0.2664

—0.2415

0.2415

(0.6357

—0.6357

(0.5836

1.0124 — 1.5708i
(0.3238 — 1.5708i
—(.3238 + 1.5708i
—0.0819 = 1.5708;
0.0819 — 1.5708i
—0.4537 + 1.0526d
0.4537 + 1.0526i
0.2632 + 1.5708i
—().8587 — 1.5708i
04254 — 1.0539
—0.4254 — 1.0539;
0.1269 + 1.0479i
—0.1269 + 1.0479;
—0.3803 + 1.0558i
0.3803 + 1.0558i
0.2012 — 1.0510i
—0.2012 — 1.0510¢
0.0925 + 1.04861
—0.0925 + 1.04864
+1.0499;

—0.3767 — 1.0590;
—0.5975 - 1.5708i
0.5975— 1.5708;
03317 —1.0832i
—0.3317 + 1.0832i
—0.1962 — 1.1268i

A5

—().2664

1.0477 — 1.5708i
—1.0477 + 1.5708i
—0.3695 — 1.5708i
(.3695 + 1.5708i
—1.5708i
—1.0124 + 1.5708i
—0.9667 + 1.5708i
0.9667 + 1.5708i
—().8975 + 1.5708i
(0.8975 + 1.5708i
—().4537 — 1.0526i
0.4537 — 1.0526i
—(.2632 + 1.5708i
0.8587 + 1.5708:
—09414 — 1.5708:
0.9414 + 1.5708i
0.1269 — 1.0479¢
—0.1269 — 1.0479;
—(0.3803 — 1.0558i
0.3803 — 1.0558i
0.6784 — 1.5708i
—0.6784 + 1.5708i
—(.8593 — | 5708
(0.8593 — 1.5708i
—1.0499;

—0.3767 + 1.0590i
(0.7995 — 1.5708i
—(.7995 — 1.5708i
—().4288

—(0.3317 — 1.0832i
—0.1962 + 1.1268i

EH
—6.4785
—5.1280
—5.1280
—4.2182
—4.2182
—3.8607
—3.6496
—2.6398
—2.6398
—2.2241
—2.224]
—2.0000
—2.0000
-1.6234
—0.4043
-0.2277
-0.2277
(05222

—— — —

0.5222
1.0892
1.0892
2.0000
2.0000

2.382]
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Thermodynamic limit / Difference

- . N N . -
sinh(A; — Z7) sinh(A; — Ax + 577) |
_smh(kj +- 637:)_ sinh(Aj — Ag — 377)

k=1
{
* roots
05¢F
roots for GS L T S
05t
..'|l 1 ] 1
-1 -0.5 0 0.5
Re()\)
Taking the ol 1 N4  sinh(iZm 3 ))
5 O1(hj) = —= — ~ Y 0 —A).  On()=—iln——2> -
N N N N
quantum number ([j}={-Z+1-5 42, 522 1}

14
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. . . ul [ |
Define the counting function  Z(\)=— _Gl(k) ig ; 02 () — Ak)_ .
" Z(A
The derivative ddi ) = pg(A) + pg (),
Taking the derivative of BAEs
e+ i) =1 () + [ @ = e Gurdn
h 1 h 1 h
where pg()&.) — 3—N§(K — /\0) | 3Nc3(k -+ AO).

N

The number of zero points / pg(A)dA =

—

15
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The solution of integral equation

3i 3,  im 3 LT <7 | h "
pg(k):E[CSCh(EA F ) —osch(GA— ) BNicS(A—AO)—I—cS(A—I—AO)

3 3 AT 3 ,1

P sech[i(k—ko)] by sech[i(k—l—ko ]}

Thus the ground state energy is

0.9
E, = 2N sinh (%n) / coth (1 — %ﬂ:)pg()&.)dk + N CGSh(;—Jr)

i ®.®

 3-3J3

=—F—N+ ACKgY+ Al—Ag),

\/5[ 2z IR 3. p BW\T

; | V3, ;
where A(AG):T sech(iko 7 )—I—S@ch(iko 2 )_ - i tanh(3).

A", turns to infinity to minimize the energy.

16
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Elementary excitation of type |

2 T T T T 1

roots for EE | %0 ¥ % ¥ ¥ % % -

We set A.N_lza—i%.

x _ - N g _ _
sinh(h; — L) ﬁ sinh(A; — Ax + L) cosh(Aj — a 4 L)

sinh(A; + £7)

The BAESs reads j=1,---,N-2,

Il N N-9

I

k=1 Sinh(:’\j — Ak — g—ﬂ') COSh(Kj — i — %ﬂ') 5

cosh(a — %n’)_ cosh(ax — Ar + %J’T)

cosh(a + %n’) cosh(ax — A — %3’1’)'

17
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01 (x ;) sl lﬁfa(x A)+19(x )
, 1(Aj) = A —Ag)+ =01 —a),
Taklng the : N N by j N I
logarithm 2] 1 =
=5 "7 ;91(‘”‘“)’ / consecutive
({I-={ N —1 | N— 1 - N —1 2N—l 1} |
Quantum Y NZN’ ZN’N’Z 2 -
numbers JE{ > -1 > L2, - 5—2,——1}
No hole
' 3i T 3 3 ' 3 3 '
The denSIty 0p1 (L) = : csch(—l — — m') csch(—k — — m')]_
difference 4N L 2 2 4 2 2 4
36’1:2N8i1']h(1—ﬂ') f coth(k—in)épl(k)dk+23inh(in) coth(af A :fr)
The EE energy 3 6 3 3
B 33 3o

> sech(?).

18
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Elementary excitation of type Il

1.5

1

roots for EE Il 05
= X % x ¥ *
E O
-0.5
1 *
1.5 - - -
-1 -0.5 0 0.5 i
Re()\)
WESEt A.N_lza—{—f% AN—ZZCY_I-%

sinh(j — £m) " Y= sinh(A; — Ak + ) sinh(hj —a + L)

|:sinh(k_f + gm} =11 sinh(A; — Ay — L) sinh(hj —o — Z7r)’
The BAEs reads J = Lsprr o ¥ —3,

sinh(ar + L) ]" =3 sinh(a — g + L)

|:sinh(af — %R’):| N " | |

19
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N-3
21T
| (A =L = =N 00— )+ —h(hj —a)
Taking the ¥ W
logarithm o] 1S , ,
le)=———F ) ba(a —Ak),/ inconsecutive
k=1
4 N—-1 N—-1 N —1 A
numbers N i XL a5 1},
L 2 2 2 y
F = N3
R T Holes
The density 3 3. 3 3 3., 1 "
difference 002(A) = A7 N [sech(zk — Ea') =+ sech(zk — Ekz)] Nc?(k — A5).
3\/6cosh(3—“)
The EE energy Sery =3A(a) +3A(—a) = LA

cosh(3«x)

20
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Arbitrary n

~ Atinhomo para A(0;,)A®0; —n) =—a©)d©®; —n), j=1,...,N.

We focus on A(u)A(u —n).

With the fusion techniques
tat(u — 1) = try [P, o o3 Ta )Ty (u — )P}
+ tI’LQ{Pl(:;)O'irO';TZ(u)Tl (U — U)Pl(:;)}’

we have the following relation
t)t(u —n) = —a(u)d(u —n) xid + d(u)W(u),

21
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Acting on an eigenstate
Aw)A(u —n) = —a(u)d(u —n) + dw)W(u),
Leading terms

N
where W (u) = W, sinh™" N 1_[ sinh(u — wy), \
/=1

B :I:ZzNzl w —
A% 1_[ sinh (wz — Zj 77) sinh (wl — Zj — E) WOE’ 1
Uu=w, i ’

2

= —sinh ™" nsinh” (w; 4 1) sinh" (w; — n).

sinh™ | z; sinh (zj + —)
N 2 2
u=z-n/2 )
= Wo sinh” (ZJ — g) Hsinh (ZJ — W — 2)

22



B n<iR I
Topological momentum

shift operator t(0) =0 PinPin-1---Pi2,

"momentum” operator P, = —ilnt(0).

i ‘ sinh (z; + 5
expreSS|On k __ ! Zln ' (ZJ 2) (1 - (_1)N—1)%-

with 2 2 2" b (5 — )
we have t*N(0) =1,
- 7T |
eigenvalues of k=— mod{m), I={-N.—-N+1,--- N—1

P, take values

23
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Conserved charge

. _ 1t o
Definition My =30, +1;)
— Le="5 lim (2sinh ne ™)V "t(w),
U— 0O

| — " -
where I = - Ze“%zk:N “foj 2 Lizi %

24

N—1

expression M, = ; sinhV 71y Ag e 2r=1 %,
with z

Only when n = 0, the model tends to an isotropic spin chain and
the U (1) symmetry recovers with M, = Z?’ZI o7 /2, whichis just

the U (1) charge.

24
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Pattern of roots

Transfer matrix satisfies

t'(w) = (D" 't@w* — 1),
Aw) = (DY 'A*w* — ).

if z;is a root, z°; must also be a root.

Therefore, z; can be classified into 3 sets:
1.real z;; 2.Im(z;) = —int/2; 3.complex conjugate pairs.

From t-W relation W*w*) = (—=1)"W(u),

if w; is a root, w’; must also be a root.

25
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Ground state. For the ground state, all roots z; and w, take
real values around zero symmetrically.

Taking the logarithms of BAEs and its complex conjugate
N

4 l; |
20(z)) = 03(z)) = —= — = ) _61(z; — wn),

0,(x) = 2cot”'(cothxtan °L). I; =

{ N—-2 N-4 N —4 N—2}

N
3 1
and In|Agsinh (Zj 277) — NZIH sinh (zj—wg g) ,

Taking the 2a1(z2) — a3(2) = 2p(2) + 20" (2) — a1 * 7 (2),

continuum limits b5(2) = by % 0(2), \

where a,(z) =6/(z)/(2n), b,(z) =In'|sinh(z —nn/2)|/7r.  convolution

26
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With Fourier transformation we readily have

2 cosh (f_ Zy ) sin (2;_}/2}/)

(77 — y)[cosh ( 277 ) 4+ COS (S’T(S’T—ZV))] '

T—Yy T—Y

p(z) + p"(z) =

The ground state energy density reads

e, = — dt + cosy,

in y / cosh [(”'_22”1'] tanh [(”_ZV)T]

sinh (”2—’)

which is the same as that of n=mi/3 case.

27



H n<iR I

Elementary
excitations |

X(real)

Weset z=a —in/2, wi=pBxtmn/2

. . I
Convergence of the density function m+1 =0, B=ua.

tanh [ Z= ] cosh (£
ey = siny/ cos(Ta) anSirEh (i_r)]cos (2 )dz'
>

Excitation energy 2 sin? y

cosh(2a) 4+ cos y

28
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Elementary
excitations Il

X(real) Q

Weset z. ~axn, wy ~a=x3n/2.
Excitation energy

Ses — sin / cos(ta) tanh [(”_Zy)r] cosh [(”_237”)’ | a

sinh (”2—"")

4 sin” y 2 sy sin(3y)

-+ .
cosh(2a) —cosy  cosh(2a) — cos(3y)

29



Elementary
excitations llI

weset z~axm/2, w~axxn+1)n/2,ax(n—1)n/2. n=73

cos(ta) tanh (=L 1) (7
583:2siny/ () (Fo) )dr

sinh (:’1'2-—’)

Excitation 2siny sin[(n — 1)y]

energy cosh(2er) — cos[(n — 1)y ]
2smy si|(n—+ 1)y]

cosh(Qa) —cos[(n+ 1)yl 6, = my/Q2n) — |my/Q27)].
where  f(tr) = cosh[(1 — 8,_1 — 8,+1)m T /2] cosh[(8,—1 — Ont1)TT/2]

30
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Z; roots for GS

w; to 6, 15
(@) I
1 F *
Constrain equations 05| ;
N O ,
Aé H sinh (Qj — 21 + ;7) sinh (9j —Z — g) £’ :
=1 05} 5
. _
= —sinh™*" 5 | [ sinh(0; — 6; + n) sinh(0; — 6, —n). 4|
=1
. 1.5 | | |
Density of zero roots i _— -
e(z)
@) =13 2cos(@ka)etn + L (1- 2 o T T [
P1g\T w2 - )€ - N ) —Curve fit
0.15|
Energy for GS o |\
%F 0:1 71 L
E14 = 2N sinh n /E coth (i:r: — ﬂ) p1q(z)dz + N coshn \
J-x 2 0.05
— — N cosh n + 2sinh 7. \
, oo O SRS P SEPRR NP |

6 8 10 12 14 16 18 20
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Elementary excitations

1 . . . 0.035]

@) b) ' " [« Dan
. 0.03 { ——Curve fit |
0.5}
* 0025 i IIH'.II
* “-.,
N il M e D02
E * i |
08l " 0.0157
0.017¢
1t
0.005 |
-1.5 > ' ' ' & 0 : H_?_"“—Jﬁ—— e £ =1 r *
-0.8 -0.4 0 0.4 0.8 10 12 14 16 18 20
Re(z) N
Density of zero roots
1 22 | e~k | o— (n=2)nk | 1 3
= — 2cos(2kz)e™ " —2cos[2k(z—a ' (1 ) .
plc ﬂ_ ; ( ) [ ( )] N ' - N

sinh [(n — 1
Energy for GS Ak, = 4811111?7{303}1 (n — 5()17] — ;71}8(2&)_

32



N € R+iTt

GS

EE

1.9 * . . . *
(@)«
1L |
0.5 5
O L ]
051 i
1+ |
_*_
15— L ' ' »
-1 -0.5 0 0.5 1
Re(z)
15 * I 1 I 1 I | [ *
*
1 L. —
05 F 4
— U I 1
£
0.5 i 5
- k -
* *
1.5 ¥ ¥
e ' ' ' ' ' : '
-0.8 0.6 -0.4 0.2 0 0.2 0.4 0.6 0.8
Re(z)

0E,

0.12

0.1

0.08

0.06

0.04

0.02

18
16
14
12

10

AE,

(b) * Data
ﬂ\ —— Curve fit
E KH ]
e
-
s
o
1 1 L 1 1 1 Il ?
7 11 13 15 17 19 21 23 25
Odd N
4 o 1 2 3 4
K
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B n € R-+im

Energy for EE AE3 = ¢€(p) + €(q),

where ¢(t) = —4sinhn (—1)" e  tanh(n. k) cos(2kt)+2sinh 7
k=1

sinh 1]-i

coshn +cos2t

Momentum K = ((p) + ((q).

o, \Sin(2kt) g i i
where C(t)—gl( = i) - g e |-

34



B OBC

N—1

Hamiltonian 7 = Z 0yt O J+1 + coshno; ]+1}
j=1

+h_ -G+ hy - Gy,

sinh 7 cosh o sinh

h?_ — :F - .
boundary N sinh a4 cosh B+
fields v sinh 1 cos 6+ o sinh 7 sin 6
*  sinhaycoshBy’ =  sinhagcosh By’
- C dlnt(u)
Integrability H = sinhy - — Cp,
U |u=0,1{9,=0)

— N cosh n + tanh n sinh n,

35



B OBC

transfer t(u) = tro{ Ky (u)Ron(u — Oy) - - - Rot1 (u — 6y)
matrix X Ky (u)Rio(u +01) - - - Rno(u + 6y)}.

oy (K K (u)
K~ (W)= (Kﬁ(u) Kﬁ(u))’

boundary
reflection K, (u) = 2smha_ cosh f_ coshu
matrix + 2 cosh «_ sinh B_ sinh u,

K, (u) = e "~ sinh(Qu), K,;(u) = € sinh(2u),
K,,(u) = 2smha_ cosh f_ coshu

— 2 cosh «_ sinh B_ sinh u,

dual boundary K"'(u) = K (—u— 0| p .0 )>(—ar.—B..0.)"
matrix

36



B OBC

Transfer matrix |A@)A; —n) = a(0))a(=0;), j=1,....N,
satisfies the o oo AT (i
identities (0) = a(0), 5 )TN Y9 )

o sinh(2u + 2n) B B
a(u) = —4 Sinh (2% + ) sinh(# — o_) cosh(u — B_)

X Siﬂh(u — Of+) COSh(l/l — ﬁ+)

where

N sinh(u — 6, + n)sinh(u + 6; + n)
X ]_[ -

lr sinh” 1

homogeneous  [AAu — )" =0 = [a(w)a(—u)]" |.=o,

limit
N+2
| | A(M):AOHSiIIh(M—Zj | Z) Sinh(M+Zj | Z)
parametrlzatlon j=1

Ao = —8cos(0_ — 9+)sinh_2N N
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B OBC

N+2
. 7 7
Energy E = sinhn ; [coth (zj | 2) — coth (zj 2)] — Cp.
By choosing a proper set of inhomogeneity parameters, the root
distributions possess manageable patterns in the thermodynamic
limit.

(a)

(b) 0 ® CkErEk ¥kEE ® O
obOXO B ® & ¥  *Ox B¢ B Bk O%0

% -y

| N=10 7=2
a =16 3 =18 6 =1
+ + +

a=2.2 3=1.3 0=0.6

N=10 7n=1.2i
CE+=2| /6+=07 9+=03 ¥ 0O+

Im(Z2)

=151 f=1.1 6 =1

e 4
O 88 OkBk-Bk kB #® 0O

2r0x0 B # 8 Xk O Bk B Ok Ox0O
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B OBC

Energy E(Na I, &4, X, /B—I—v B—v Q—I—a 9—)

The energy is invariant under the parameter changes:

(1) @y — —U4, (11) 13::_> D ﬁ::? (111) th_|__> T C(—I—a ﬁ—l—_> T ﬂ—[—& 9—[— —> 7T _I_ Q—[—,

wv)a. — —ao_,Bp_.—> —p_,0_—>ma+60_, (v) B > B_,B_ — B..

We consider only the caseof a4, L > 0 and |BL| = [B_].

It is sufficient to quantify the boundary contributions by tuning
B_in four regimes:

M By > B >n/2,AD) /2> B >0,(dI)0 > B_ > —n/2,and (IV)

—n/2 2 p_ > —oo.
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B OBC

Zero roots for region | BAEs
3 _ _ _ T
X K X k¥ KKK K X X% Nf_n[bZ(”_9)+52(H+9)]0(9)d9-I-bz(u 2)
N=10 n=2 T T
=12 3=2.3 0.=0.3 ”’2(”)+bl’ﬁ7—(” 2)+bl’ﬁ7+(” 2)+bm7—(”)
+ - -

a=1.8 3=1.6 6 =1 .
+ b2, (u) =N [b1(u — Z) + b3(u — 2)]p(Z)dZ

S L3
2

+b1(u)+b1(u Z)

Density of zero roots

p(k) = [2Nby6 (k) + [1 4 (=1)1(by — b1) + b,

1

+ b + (=1 (bap. + b2 )] /IN(B1 + B3)],

h
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B OBC

Ep = ep(ay, B1) + ep(a_, B_) + ep,

=nergy ep(a, B) = —2sinh Z tanh(kn){(—1)% e "
k=1

N B T (—l)ke_zklﬂl} — tanh n sinh n,
eo = —2sinh Y {tanh(kn)[1 — (—1)*]e>"

k=1
—[1 4+ (=1)¥]e™™} + tanh » sinh 7,

where e (a, B) indicates the contribution of one boundary field and
e, is the surface energy induced by the free open boundary.
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B OBC

Zero roots for region I/l Zero roots for region |V

(b)

X X ¥ XX Xk Kk X ¥

(C)

% ok kkk Kk Kk X x|

N=10 n=2
% az+:1 2 ﬂ+:2.3 9+:O.3 %

N=10 n=2
o =1.2 0 =23 ¢ =03
+ + +

a=1.8 3=0.3 4 =1 a=18 B=-15 0 =1

|k K ok kK KK kK K k|

* K K Kk KK Kk XK K

1.9 - -0.5 0 0.5 ] LD 2

Re(Z)
BOundary J‘[ :I: (ﬁ— | ;))l and % :IZ (ﬁ-— I Tz))l bO!Jndary
strlng bulk string

string
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B OBC

Eps = 4sinhn Y (—=1)*e¢™" tanh(kn) cosh(2k B +kn)
Energy k=1

+ Ej; + sinh p[tanh(B_ 4+ n) — tanh(B8_)].

Eps = Ep1 + Ep,
[ & (—Df2tanhky) g
E;, = 2sinh T]|:Zl: s - tanh 5 ;
4
5| (d)

DMRG results 250 =15 a =1.3
3,=0.8 6 =0.3

a=0.5 0 =1

P- 1



* ]
ooy N=10 =2 1 =
e a =12 3=1.8 6 =0.3 ] <& .
= - - - -
s a =0.6 _3_:1.3 0 =1 | -

x*
¥ Ok Kk ko ox Kk k ok *  *

1D

Re(z)

—2ik:.:

energy for EE E, = &(z;) + &(z2), &(z) = 2sinhy Z

cosh(kn)
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1 v + T T
1 |
° 0.5
NEiIR -
0
o -05 -
— Lo B 1
-1 1 i
15T % * 1.5 %
: : : 1‘ 2 : : 0 { :
Re(z) Re(z)
1 T v 2 T ' ' ' ' 1
0.5 (C) . : 1 ot 4
N=10 n=1.8i
—~ " [e=12 o =0.9i l &l |
ERE =16 |  |B=07 & 7=0.8i 3.=1.5 6 =0.5
A 0.=0.7 f=1.2 | i la=13i =06 9=06 | ]
sy . |
Energy fOr GS 2 - 0 1 e 'B.[.l 0;5 1 1?5 2 275 3
Re(z) .
: k = &
sin > tanh (%! k(m— 2 k(m— 20y + 27| =
B = B / _ (kQ ){cosh ( ) 1 + cosh ( ) : = ) - cos (4
2 J_ oo sinh(%F) 2 2
+ cosh ( - =) - cos B — cosh 27 cosh (r =) k.
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o
dynamics

1969 The quantum Bose gas

Thermal Bethe ansatz
1971 | Heisenberg spin chain

infinitely many nonlinear integral equations (NLIEs)

quantum transfer matrix

1992 | Heisenberg spin chain
(QTM)

finite number of NLIEs, SU(n): 2*n-2

1995 numerical method e transfer-matrix renormalization
group (TMRG)



T
dynamics

A one-dimensional quantum system at a finite temperature can be mapped
into a classical system on two-dimensional inhomogeneous lattice by the
Trotter-Suzuki mapping.

Suzuki M, Phys. Rev.
QTM tQ(u) B, 1985, 31(5): 2957.

>

e = e

L—00 N—=oC

. | IJ -t > b
Z(B) = €% lim lim try..n { {t(Q)(U)} } R

——————

?

t-W method

—

A (0) s
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dynamics

Hamiltonian of the periodic Heisenberg spin chain in anti-
ferromagnetic regime

L
H=4J) S;-Spi+h) S
j=1 j=1
Where §L+1 — gl
R-matrix wtn 0 0
Roj(u) = Jooum



o
dynamics

Quantum transfer matrix

- hB = 2nJ 2nJ 3
f-(Q)(rul) — I‘rro{(f 2 4 (RU J'V(u fNT# )RO ;\_.1({1 I j\r I}))
2nJ 2nJ
<(Roz(u — Z22) Ry (u+ =22= = )}

The transfer matrix t(u) satisfies the t - W relation, and the
corresponding relation for their eigenvalues is

h 3
2

AR (W) AQ (4 —n) =alu)d(u—n) +e= du) W (u)
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dynamics

Express any eigenvalue A(u) of the transfer matrix (or W(u) of the

fused one) in terms of its N zero points

(u) = 2 cosh - jlzll (u — z;)
V@ (y) = (4cosh? 2 HN s
W'/ (u) = (4 cosh > 1) 11 (u — w;)

BAES

—e 2 d(z;) W 9(z), j=1,--,N

|

a(zj) d(z; —n)

a(w;) d(w; —n)

A(Q)(wj)A(Q)(u‘?j - U)e .] =1,---, N
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el 0000 0
dynamics

The distributions of the Bethe roots and zeros

¥ Bethe roots

Bethe roots

N\ z-roots Z-roots

1 w-roots w-roots

-0.15 -0.1 -0.05 0 0.05 0.1 0.15
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el 0000 0
dynamics

t — W relation: AQ(u+ HAQ(u-1)
- (utnr 3 M(y—n1— g)"”
(u—nT+3) M(y+nt — .—’.})-‘”

| M : oy
(oo hB TS (u—wi™ = Sn)(u—w;™ + 3n)
+(4 cosh 1) _—
2 (u —|—.;;T— '5”)3 (f_HT-l- 1)

de : 13 ' & Py I
= g(u) + (4cosh’ == — )i(u) + O()

Integral representation

) 1 111 + (4 cosh? h; 1)eP€(®)) /4 cosh? ﬁ)
In A9 (u) = 1112{:{}511 | % dv -
2T Je. =y —5
1 j{ ; + (4 cosh? ;,;2,.3 1)e~P€v)) /4 cosh® %)
“l'.:'l'
c. W — P g
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Thermo-

dynamics
New NLIE
In(q(u) + (4 cosh” hgd 1)€_'HE(”)) = 21n 2 cosh %
I 1 1 > hf 3 5 h3
| 2 | It _? . 1)e—BEw) |
Qﬂ-iéjldl(’{b—’l? u_,U_n) 1l ((Q(l)_"( 2 ) )/4C0b] 2 )
| , % d'U( | )111 ((q(?'r) . (4 COShZ h. 1) —Be( )/4(05112 ]Ij)
271 Co U=~ T) u—mv 5
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— e 000000
dynamics

Free energy

fB) =J ;111 A9)(0)

1 [T dv hf3 Be(v
= €, j/ - In (1 + (4 cosh? ; 1)(?***‘(“))

—no 2coshmv

High-temperature expansions

J

‘ 3.3
- tanh”(h/T)

2T |

f/T = —In(2cosh(h/T)) 1 — tanh*(h/T)) + - - -

54



el 0000 0
dynamics

Free energy f vs T for the closed XXX chain in different magnetic
fields

O  A.Klumper's

¥ 1. Xiang's

——  QOurs
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Il 007 I

t-W relation for SU(n) spin chain

t Q) (u) Q) (uy — n) = t\@) (u —n) t{@) (1) + am (0)W9) (1), m=1,---.n—1.

1 )

‘m ‘m m—1 m

‘'m—+1

2n-2 auxiliary functions

Fujii A and Klumper A, Nucl. Phys B, 1999, 546(3): 751-764.

\ ¢

2n - 2 auxiliary functions
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So far, many typical U(1)-symmetry-broken models have been
solved by the method:

» The spin-1/2 Heisenberg chain with arbitrary boundary fields.
» Integrable J;-J, model.

» The t-) model with unparallel boundary fields.

» The Hubbard model with unparallel boundary fields.

» The open spin chains associated with the D,(1) and D,(2) algebras.
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